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We construct a family of simple fermionic projected entangled pair states (fPEPS) on the square
lattice with bond dimension D = 3 which are exactly hole-doped resonating valence bond (RVB)
wavefunctions with short-range singlet bonds. Under doping the insulating RVB spin liquid evolves
immediately into a superconductor with mixed d+ is pairing symmetry whose pair amplitude grows
as the square-root of the doping. The relative weight between s-wave and d-wave components can
be controlled by a single variational parameter c. We optimize our ansatz w.r.t. c for the frustrated
t− J1 − J2 model (including both nearest and next-nearest neighbor antiferromagnetic interactions
J1 and J2, respectively) for J2 ' J1/2 and obtain an energy very close to the infinite-PEPS state
(using full update optimization and same bond dimension). The orbital symmetry of the optimized
RVB superconductor has predominant d-wave character, although we argue a residual (complex
s-wave) time reversal symmetry breaking component should always be present. Connections of the
results to the physics of superconducting cuprates and pnictides are outlined.
PACS numbers: 75.10.Kt,75.10.Jm
Introduction – The concept of resonant valence bond
(RVB) state was first introduced by Anderson [1] to de-
scribe a possible quantum disordered ground state in the
triangular lattice S = 1/2 Heisenberg antiferromagnet.
Insulating RVB states are commonly defined as equal
weight superpositions of hardcore coverings of nearest-
neighbor (NN) or short-range singlets. Such RVB states
are now well understood thanks to a large variety of
large-scale approaches as improved Monte Carlo sam-
pling scheme for valence bonds, use of representations in
terms of simple Projected Entangled Pair States (PEPS)
or mapping into projected BCS wave functions : while
the RVB state on the square lattice is critical [2–4] their
analogs on kagome and triangular lattices were shown [5–
8] to be Z2 gapped spin liquids. Interestingly, recent nu-
merical results pointed towards an algebraic spin liquid in
the frustrated spin 1/2 J1−J2 antiferromagnetic (AFM)
Heisenberg model on the square lattice [4], which might
also be the sign of a critical point between a Ne´el AFM
state and a dimer state [9].
The RVB ideas have naturally been extended away
from the 1/2-filled Mott insulator at electron density
n < 1 and a “RVB superconductor” has been proposed as
a simple mechanism in the high-temperature cuprates su-
perconductors [10, 11]. However, neutron scattering [12],
scanning tunneling microscopy [13], nuclear magnetic res-
onance [14] and resonant soft X-ray scattering [15] ex-
periments have shown that the cuprate parent AFM
phase (generically) evolves under doping into complex
intertwined phases involving e.g. charge-stripe or ne-
matic orders. As suggested in Fig. 1 a (quantum dis-
ordered) RVB spin liquid stabilized by magnetic frustra-
FIG. 1: Schematic (T = 0) phase diagram of an AFM Mott
insulator as a function of doping and magnetic frustration.
Doping the AFM phase might involve complex phases such
as “stripes” or charge ordered (CO) states. If a RVB liquid
is stabilized by magnetic frustration it would evolve naturally
under doping (dotted line) into a RVB superconductor.
tion would however have a more straightforward evolu-
tion under doping. Nevertheless, little is known about
RVB states in which charge fermionic degrees of freedom
come into play, although preliminary work has been done
on (fermionic) doped dimer liquids lacking spin-SU(2)
symmetry [16, 17]. In this paper, we introduce a general
fermionic doped RVB state written as a D = 3 Pro-
jected Entangled Paired State (PEPS) on the square lat-
tice. This state is obtained by (i) rewriting the nearest-
neighbor RVB PEPS [4–6] in the fermion representation,
(ii) introducing vacant sites corresponding to a finite (av-
erage) density x = 1−n of doped holes (or “holons”) and,
finally, (iii) introducing longer range singlets (e.g. along
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2FIG. 2: (a-d) Red segments represent singlet pairs of phys-
ical spin-1/2s. Green dots represent doped holes which can
hop in the x- or y-directions. In the RVB insulator (a) or
superconductor (b-d), resonances between many such config-
urations occur. fPEPS tensor elements encode each of the site
configurations labeled from 0 to 3.
diagonal bonds) next to some of the doped holes in a way
that meets all lattice symmetries. Step (iii) is controlled
by a single variational parameter c. We show that this
state is a superconductor (hence breaking charge U(1)
symmetry) which (generically) inherits the mixed d+ is
orbital symmetry of its parent (insulating) spin liquid,
although its s-wave component is severely suppressed by
(iii). Optimizing the hole kinetic energy w.r.t. c we ob-
tain a good ansatz for the fermionic hole-doped frustrated
spin-1/2 J1 − J2 AFM Heisenberg model at J2 = 0.5J1
and J1 = 0.4t (so-called t− J1 − J2 model). The idea is
therefore to introduce a simple yet competing wavefunc-
tion that enables us to understand unconventional super-
conducting ground states of strongly correlated fermions.
Doped RVB states in PEPS formalism – In the
PEPS with bond dimension D = 3 we consider, each
physical site has 4 virtual spins attached, each of which
spans a virtual dimension of spin 1/2 ⊕ 0. On every
bond, every pair of the NN virtual spins is projected to a
virtual spin singlet state, |S〉 = |01〉 − |10〉+ |22〉, where
the virtual indices “0,1” span the subspace of spin 1/2
and virtual index “2” spans the subspace of spin 0 [18].
At each site, one considers a projector P to enforce the
local physical degrees of freedom. Finally, contracting
the virtual index of each S at the bond and each P at
the vertex, yields the desired PEPS state.
We start with P = P0 which maps one of the virtual
spin 1/2 subspace onto the physical spin 1/2 state (leav-
ing the rest of virtual spins in the “2” state) and gives
exactly the equal weight NN RVB state of Fig. 2(a) [5, 6].
Next, a fermionic character is assigned to both virtual
and physical spins 1/2 following the procedure of Ref. 19
to construct a fermionic PEPS (fPEPS). To recover the
previous bosonic RVB state one must now include an
extra i complex factor on (let say) the vertical singlets,
i.e. |S〉 = i(|01〉 − |10〉) + |22〉, leading to d + is point
group (or orbital) symmetry [20]. One can now dope the
fermonic d + is RVB insulator by simply enlarging the
physical space to vacant sites labeled e.g. by the index
“2”. Adding a projector P1 enforcing all (both virtual
and physical) spins in the “2” state generates local hole
configurations labelled by “1” in Figs. 2(b-d). However,
the doped RVB state characterized only by P = P0+λP1
(where λ plays the role of a “chemical potential”) has
zero expectation value of the hole kinetic operator be-
tween NN sites,
HK = −t
∑〈
ij
〉PG c†i,σcj,σPG +H.C. (1)
where c†i,σ creates a fermion (electron) of spin σ at site i
and PG is the Gutzwiller projector enforcing the physical
Hilbert space that excludes doubly occupied sites, and
therefore can not be a physical representation of doped
Mott insulators. To circumvent such a problem we allow
singlet pairings between sites on the same sublattice in
the immediate vicinity of some holes, as e.g. holes “2”
and “3” in Fig. 2(c) and Fig. 2(d), respectively. This can
be achieved by extending the idea of Ref. 4 to the doped
case and use a ”teleportation” projector,
P2 =
∑
i 6=j 6=k 6=l
|2〉〈22|ij ⊗ 〈|kl, (2)
where |〉kl is a singlet between sites k and l at distance√
2 (choosing an anticlockwise orientation around the
hole) or 2 (oriented from left to right, bottom to top).
A general doped RVB wavefunction is a parameter c
weighted combination of projectors P ≡ P0+λ(P1+cP2)
at each vertex (λ ∈ C, c ∈ R) traced out with the bond
singlets S at each bond and including the fermion signs
according to Ref. 19. Note that this RVB wavefunction is
defined in the grand-canonical ensemble with fluctuating
particle number.
Superconducting order – Using λ to tune the hole
density x, we have investigated the properties of this one-
parameter RVB family on an infinitely long cylinder with
a circumference of Nv = 6 unit cells. As soon as c 6= 0,〈
HK
〉 6= 0 as shown in Fig. 3(a). A kinetic energy per
hole
〈
HK
〉
/x as large as ∼ −2.5t can be obtained for
c ' −0.65 (when x→ 0).
By construction the doped RVB ansatz breaks the
charge U(1) symmetry. This is reflected by finite su-
perconducting (SC) (singlet) pairings ∆ij ≡
〈
ci,↑cj,↓
〉
for
any finite doping x. Changing the phase of λ changes
the (global) phase of the SC order parameter, i.e. λ →
exp (iφ)λ leads to ∆ij → exp (2iφ)∆ij . The SC ampli-
tude |∆ij | is largest when i and j are NN sites. Note that
the NN pairings ∆X and ∆Y along the horizontal and
vertical directions, respectively, differ slightly because of
the finite cylinder circumference. Their average ampli-
tude 12 (|∆X |+ |∆Y |) plotted in Fig. 3(b) shows that ∆ij
grows like
√
x.
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FIG. 3: Hole kinetic energy (a) and NN pairings (b-d) of
the RVB superconductor vs doping, for several values of the
parameter c, computed on an infinite Nv = 6 cylinder. For
c = −0.65, data for the (s-wave) NNN pairing are also shown
(open symbols). Ratio of the amplitudes (c) and relative
phase (d) between the s-wave and the NN d-wave compo-
nents. c = 0 is a NN pure d + is superconductor with zero
kinetic energy (red lines).
We now examine the orbital symmetry of the NN pair-
ing field that we decompose into its (a priori complex)
s- and d-wave components, ∆sw =
1
2 (∆X + ∆Y ) and
∆dw =
1
2 (∆X − ∆Y ), respectively. We define the ra-
tio R = ∆sw/∆dw = |R| exp (iΨ) and plot its amplitude
|R| and phase Ψ in Fig. 3(c) and Fig. 3(d), respectively.
Note that only the relative phase Ψ between the ∆sw and
∆dw components matters since the overall SC phase can
be changed by changing the phase of λ. First, we find
that Ψ is almost exactly pi/2 – as expected for d+ is or-
bital symmetry. For c = 0 the RVB superconductor is a
pure NN d+ is superconductor with exactly the same s-
and d-wave amplitudes. The s-wave component is sup-
pressed by increasing the parameter c, as the single hole
kinetic energy increases (in magnitude). Interestingly,
weak pairing between next-nearest neighbor (NNN) sites
(i.e. along the plaquette diagonals) develops for increas-
ing c, as shown in Fig. 3(b) and 3(c). The NNN pairing
has s-wave orbital symmetry and, as the NN s-wave com-
ponent, a relative phase of ∼ pi/2 w.r.t. the leading NN
d-wave component, as shown in Fig. 3(d). The supercon-
ducting coherence length which is, strictly speaking, of
one lattice spacing for c = 0 (the NNN pairing vanishes)
grows for increasing c, yielding to a strong decrease of
the NN Coulomb repulsion [21] (together with a gain of
kinetic energy).
Optimized RVB superconductor – With the
schematic phase diagram of Fig. 1 in mind, we now in-
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FIG. 4: (a-d) Variational energies of the RVB superconduc-
tor (with c = −0.65) as a function of doping x. (a) kinetic en-
ergy per hole; (b) magnetic energy cost per hole; total energy
per site (c) and per hole (subtracting the x = 0 contribution)
(d). Comparisons with the D = 3 iPEPS state optimized
using the full update scheme (crosses) are shown.
troduce the “frustrated t− J model”,
H = HK + J1
∑〈
ij
〉Si · Sj + J2 ∑〈〈
kl
〉〉Sk · Sl (3)
involving AFM interactions J1 and J2 between NN and
NNN sites, respectively. For J2 = 0, recent infinite-
PEPS (iPEPS) calculations [22] revealed an extremely
close competition between a uniform d-wave supercon-
ducting state and different stripe states under doping the
Ne´el AFM insulator. Here, we instead fix J2 = 0.5J1 for
which we expect the half-filled GS to be a critical spin
liquid well approximated by the simple NN RVB [4] dis-
cussed above. Therefore, at finite hole density, the doped
(fermionic) d+ is RVB state naturally becomes a promis-
ing variational candidate for Hamiltonian (3). We find
that the amplitude |〈HK〉| in this state of the kinetic en-
ergy is maximized for c ' −0.65, and the corresponding
data are shown in Fig. 4(a). A crude fit gives that the
kinetic energy per hole behaves as ek ' (−2.5 + 2.3x)t.
On the other hand, mobile holes, by perturbing the
spin RVB background, cost magnetic energy that is bal-
ancing the gain of kinetic energy. The magnetic en-
ergy cost (per hole) can be quantitatively defined as
em = (|
〈
Hm
〉
x
|−|〈Hm〉0|)/x where Hm = H−HK is the
magnetic part of (3) and
〈 · · · 〉
x
is the expectation value
in the RVB state at (average) doping x. A crude fit based
on Fig. 4(b) gives em ' (0.8 − 0.3x)J1 for J2 = 0.5J1.
The overall total energy
〈
Hm
〉
0
/Ns + x(ek + em), nor-
malized by the number of sites Ns, is shown in Fig. 4(c)
and the hole contribution ek + em in Fig. 4(d), assuming
J1 = 0.4t.
We have compared in Figs. 4(a-d) the results for the
4constructed RVB state to iPEPS calculations [21] using
a 4 site unit cell, a “full” update scheme and the same
bond dimension D = 3. As seen in Fig. 4(c), the total
energy of the d + is RVB is very close to the optimized
iPEPS energy (starting from a random configuration). In
fact, using the local tensor of the RVB state as a start-
ing point, only minor improvement is obtained with the
iPEPS optimization scheme. The d + is RVB state is
therefore a very good variational ansatz.
Discussions – Although magnetic frustration is weak
in the high-temperature cuprate superconductors [23,
24], it certainly plays an important role in the iron pnic-
tides superconductors for which a frustrated Heisenberg
model has been proposed [25, 26], despite the multi-
orbital character of the materials. In any case, the uni-
form RVB superconductor we propose here might extend
to a larger region of the phase diagram of Fig. 1 than
just the dotted line (corresponding to the present work)
and might have some relevance to the physics of high-
temperature superconducting materials. At finite tem-
perature, superconducting phase coherence may be lost
while singlet pairing still occurs, hence providing a sim-
ple picture for the “pseudo-gap phase” of the cuprates.
Interestingly, our scenario predicts a small residual imag-
inary s-wave component of the pairing field (at zero-
temperature) which would give rise to (very weak) broken
time reversal symmetry (BTRS). Note that early claims
of BTRS were made in the cuprates based on angular
resolved photoemission (ARPES) experiments [27] but
recent polar Kerr-effect measurements [28] have been in-
terpreted in terms of chiral charge ordering. Incidentely,
no orbital currents – as suggested by polarized neutron
diffraction experiments [29] – occurs in our RVB super-
conductor.
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DENSITY-DENSITY CORRELATIONS AND COULOMB ENERGY
Superconducting (Cooper) pairs are bound states of charged electrons (or holes) and, hence, are expected to be
destabilized by strong short range (SR) Coulomb repulsion. In cuprates superconductors the NN repulsion V1 between
doped holes is expected to be large, typically V1 ∼ t or larger [1], and the superconducting coherence length is short.
It is therefore interesting to investigate the related energy cost in a RVB superconductor. One can take into account
the SR Coulomb repulsion by adding to the (extended) t–J model a term like:
HV = V1
∑〈
ij
〉(ni − x)(nj − x) + V2 ∑〈〈
kl
〉〉(nk − x)(nl − x) + · · · (1)
where ni = 1−c†iσciσ is the local hole density operator and the repulsion beyond NN (V1 > 0) and NNN (V2 > 0) sites
can safely be neglected. Note that we have subtracted the energy cost 2V1x
2 + 2V2x
2 (per site) of an uncorrelated
uniform charge background. The variational energies of both terms are therefore proportional to the corresponding
connected density-density correlators,
Cij =
〈
(ni − x)(nj − x)
〉
. (2)
The NN and NNN correlators CNN and CNNN are shown in Fig. 1(a) for two different RVB ansa¨tze, (i) the c = 0 pure
d+is superconductor (with only NN pairing) and (ii) the optimized c = −0.65 (predominantly) d-wave superconductor.
Cij > 0 (Cij < 0) corresponds to an enhanced (suppressed) density correlation w.r.t. a uniform background of
uncorrelated holes. The strong NN correlation in the pure s + id RVB superconductor is consistent with NN hole
(Cooper) pairs and a superconducting coherence length of just one lattice spacing. For the optimized RVB the
largest density correlation occurs between NNN sites suggesting that Cooper pairs are predominantly NNN hole pairs
despite the dominant d-wave character of the pairing field, in agreement with early exact diagonalisations on small
t–J clusters [2].
Short distance pairing yields an increase of Coulomb energy 2V1CNN/x + 2V2CNNN/x per hole. Each term is
plotted separately in Fig. 1(b) for the two RVB wave functions studied here. Assuming V2  V1, we observe that
the energy cost is very much reduced in the optimized RVB compared to the reference c = 0 state, due to a larger
coherence length (or Cooper pair size). Quantitatively, one finds a Coulomb energy of ∼ 0.04V1 (per hole) which
remains quite small compared to the gain of kinetic energy |ek| ∼ 2.5t (per hole), even if V1 > t.
DETAILS ABOUT THE IPEPS CALCULATIONS
The (optimized) d + is RVB superconductor has been compared to fermionic iPEPS calculations using the same
bond dimension D = 3 for the same Hamiltonian parameters i.e. J2 = 0.5J1 and J1/t = 0.4 as in the paper (see
Ref. [3] for an introduction to the method). We used two different optimization methods, the simple update from
Ref. [4] and the full update method from Ref. [5] for Hamiltonians with next-nearest neighbor interactions. The
former approach is computationally cheaper but less accurate than the latter one (see Ref. [3] for a discussion). Both
optimization methods require a 2× 2 unit cell of tensors (or larger) which is periodically repeated on the lattice.
Figure 2 shows that the best state obtained with the full update optimization with D = 3 (blue stars) is only
slightly lower than the constructed c = −0.65 RVB state (open black circles), which is remarkable given the fact that
ar
X
iv
:1
40
4.
52
68
v2
  [
co
nd
-m
at.
str
-el
]  
22
 M
ay
 20
14
20 0.05 0.1 0.15 0.2
-0.04
0
0.04
0.08
0.12
0.16
0.2
C o
u l o
m
b  
e n
e r
g i e
s  p
e r
 h
o l e
 ( i
n  
u n
i t s
 o
f  V
1 a
n d
 V
2)
0 0.05 0.1 0.15 0.2-0.004
0
0.004
0.008
0.012
D e
n s
i t y
- d
e n
s i t
y  c
o r
r e
l a t
i o n
s
c=0  NN
c=-0.65  NN
c=0  NNN
c=-0.65  NNN
(a)
enhanced
suppressed
x x
(b)
fPEPS   Nv=6
no correlation
FIG. 1: (a) Density-density correlations between NN and NNN sites as a function of doping. The two RVB d+is superconductors
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FIG. 2: Total energy (per site) of the d+is ansatz with c = −0.65 and the optimized D = 3 iPEPS wavefunctions (using
different update methods and initial states) as a function of doping. Inset: Real space pattern of the best D = 3 iPEPS state
within the 2× 2 unit cell for x = 0.091. The red dots show the hole density, and the colored bonds the pairing amplitude with
different signs.
the latter has only one single variational parameter. These results have been obtained starting from a random initial
state (with the same random tensor on each lattice site), and a similar result is obtained by using the c = −0.65
RVB ansatz as initial state for the full optimization (green triangles). We note that depending on the random initial
state some of the simulations also converged to other (competing) states, but all having a higher energy. The simple
update method (red squares) fails to find the best state in this case, but yields states with a higher energy. All these
results show that the (kinetic energy) optimized d + is RVB state is an excellent D = 3 ansatz for this range of
Hamiltonian parameters, and it can serve as an ideal initial state for fermionic iPEPS to study RVB phases, e.g. to
3perform simulations at larger D.
We note that there is a jump in the energy per site in the iPEPS data at x = 0. The reason is that for x = 0
there are no charge degrees of freedom and the iPEPS can fully exploits its auxiliary space of dimension D = 3 for
the spin degrees of freedom, whereas for any finite x the iPEPS needs to carry also information on the charge degrees
of freedom through its auxiliary space. In other words, since for x = 0 there are less degrees of freedom the D = 3
iPEPS lies closer to the true ground state than the one at finite x, which leads to a discontinuity in the energy per
site. For this reason we computed the energy per hole in the main text as Ehole = (〈H〉x − 〈H〉0+) /x where we take
→ 0. Finally we note that also the energy of the RVB ansatz for x = 0 can also be further improved, see Ref. [6].
An important feature of the RVB d+is superconductor is that it is translationally invariant (i.e. it is uniform) and its
bond SC amplitudes are invariant under all (rotation and/or reflection) symmetry operations of the lattice C4v point
group (although minor differences between vertical and horizontal directions occur on finite circumference cylinders
due to small finite-size effects). Furthermore it preserves the SU(2) spin rotation symmetry. The best optimized
iPEPS reproduces these symmetries approximately, in particular the magnetic moment at each site vanishes entirely
(i.e. the SU(2) symmetry is unbroken), and there are only little variations in the hole density per site and the bond
SC amplitudes (see inset of Fig. 2). This slight symmetry breaking can be partly due to the Trotter error in the
optimization method and/or to the fact that a finite bond dimension can also artificially induce a symmetry breaking
(which typically gets fully restored for large D).
Using larger unit cells we expect to get stripe states similarly as in the plain t–J model [7] competing with the
uniform RVB superconductor. A full study using the full update is challenging (more challenging than in the plain
t–J model because of the next-nearest neighbor interaction which leads to a higher computational cost) and is left for
further studies.
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